Abstract-In therapeutic ultrasound, the presence of shock waves can be significant due to the use of high intensity beams, as well as due to shock formation during inertial cavitation. Although modeling of such strongly nonlinear waves can be carried out using frequency-domain methods, such calculations are typically considered impractical, since accurate calculations often require hundreds or even thousands harmonics to be considered, leading to prohibitive computational times. The use of Gegenbauer reconstructions as a postprocess tool to resolve the band-limitations of the spectral methods are therefore investigated in this paper. A three-dimensional transducer problems will be presented to validate the proposed method.
I. INTRODUCTION
Shock waves can often be observed in therapeutic ultrasound, due to its use of high intensity acoustic sources. It is well known that this type of wave profile can be extremely hard to model by frequency-domain methods [1] since the Fourier expansion of a shock wave has a rather slow convergence rate. Therefore, to model a shock wave using the frequency-domain approach, the spectral components typically have to include hundreds or even thousands of harmonics, resulting in intolerable computation time which increases with the number of harmonics squared. The same rule also holds for modeling short pulses which carry ample frequency components. Christopher proposed a harmoniclimited scheme where excess absorptions were added into high frequency components [1] . However, this scheme is approximate in the sense that it highly distorts the shock wave front. Asymptotic values for high frequency amplitudes have also been used in cases where only the first few harmonics need to be calculated [2] , [3] , [4] . While this method works well for one-dimensional cases containing one shock wave, it becomes rather complex when two-or three-dimensional waves containing multiple shock waves are considered [5] . The goal of this study is to introduce an approach that can reduce harmonic representations for shock waves during the numerical implementations. This approach uses a so-called Gegenbauer reconstruction method, which is employed as a final step to recover the accuracy of the sound field. The focus of this paper is the Gegenbauer reconstructions, which were originally introduced by a series of papers [6] , [7] , [8] , [9] and have been applied to engineering problems, e.g., the propagation of electromagnetic waves [10] . The general idea is to take the Fourier expansions of a piece-wise smooth function which is generally contaminated by the Gibbs noise, and project them onto another basis with Gegenbauer polynomials. This basis is Gibbs complementary to the family of the Fourier expansions [6] , [7] , [8] , [9] , so that the new expansions converge exponentially.
The paper is structured as follows: Sec.II presents the theory for the Gegenbauer reconstructions. Sec. III discusses simulation results for a three-dimensional problem. Here, the validity of the Gegenbauer reconstructions in the context of nonlinear acoustics is verified. Sec. IV concludes the paper.
II. THEORY
This section briefly introduces the underlying theory of the Gegenbauer reconstruction following previous literature [6] , [7] , [8] , [9] . The Gegenbauer partial sum expansion, which converges exponentially for a smooth function f (x) defined in [−1, 1], is given by [6] , [7] , [8] , [9] 
where F λ l are the Gegenbauer coefficients,
The Gegenbauer polynomials, C λ l , are orthogonal under the weight function
where δ k,n is the Kronecker delta. The Gegenbauer polynomials can be calculated by a recurrence relation [11] It is assumed that f (x) is a piecewise smooth function that is analytic in the subinterval [a, b] . The interval of smoothness can be effectively determined by an edge detection algorithm [12] , [13] . A local variable ξ is defined such that
where the Gegenbauer coefficients
Based on the Fourier partial sum approximation, an approximation to F λ l,ε can be written as
This approximation replaces F λ l,ε in the computation of the Gegenbauer partial sum to reconstruct the function f (x) in an exponentially accurate way in
It has been mathematically demonstrated that, if both λ and m grow linearly with N , and λ = γm where γ is an arbitrary positive, the error introduced by Eq. (8) is exponentially small [6] , [7] , [8] , [9] .
III. SIMULATIONS

A. Algorithm
Recalling the Gegenbauer reconstructions, which are proven to have exponential convergence for a smooth function in [a, b] ∈ [−1, 1], the first task is to locate the discontinuity, i.e., a and b.
Although there are sophisticated edge detection procedures [12] , [13] for Gegenbauer reconstructions, a simple procedure is designed for our specific problems. In therapeutic ultrasound, shock waves usually have simple profiles: generally there is only one discontinuity. In addition, this discontinuity is typically located in the vicinity of the first peak positive pressure after the shock rise. In this study, the "peak positive" always refers to this specific peak positive. V isa versa for the peak negative, which is the last peak negative before the shock rise. Therefore, depending upon the specific shock wave profile, the discontinuity can be identified by locating the peak positive. In most cases this can achieved by searching for the signal maximum. Even if this procedure fails, it may be possible to manually identify the discontinuity. This is not expected to be an significant burden for potential applications, as the Gegenbauer reconstructions are employed for postprocessing only as the last step.
Once the edge of the function is known, the reconstruction can be implemented with the parameters λ and m, which are function dependent and need to be carefully determined. The optimum relation between the parameters and other factors has been considered analytically [14] . However, these analytical results are not sufficient for providing a practical algorithm. There is also the need for further numerical experimentation [10] . A good rule of thumb is that, once the optimized parameters are chosen, the smooth portion of the signal away from the discontinuity can be well reconstructed. This can be verified by comparing the reconstructed curve with the original curve on the portion where the contamination is not overwhelming (even though the curve is contaminated by the Gibbs noise, typically there is a portion of the curve away from the discontinuity that has only negligible oscillation ). A more accurate but less straightforward way is to compare the frequency spectrum of the reconstructed shock wave with the original, where good agreement should be observed for the low frequency region.
B. Results
This section presents a three-dimensional problem, which is relevant to therapeutic ultrasound. The acoustic field is propagated by a frequency-domain method [15] , and the Gegenbauer reconstructions are applied at the last step to the time signal that is of interest.
This case considers the field due to a concave circular transducer (single element) with an aperture radius of 3mm, and a 20mm focal distance. The initial time-domain signal was a continuous wave. The center frequency was 5 M Hz and the initial peak pressure was 1 M P a. For the medium, water was modeled, as the attenuation is rather small and the Gibbs phenomenon is more pronounced . The sound speed was 1500m/s, density was 1000kg/m 3 , nonlinear parameter was 3.5, and attenuation coefficient α/f 2 was 25 × 10 −15 N p/m/Hz 2 . Two numerical implementations were conducted separately.
The first considered 50 harmonics, the second considered 250 harmonics. The latter was used as a reference to assess the accuracy of the Gegenbauer reconstructions when fewer harmonics are considered. The step sizes △z were 6µm and 1.25µm, respectively. On the radial axis, the spatial resolution was 37.5µm, where convergence for the results on the axis was observed. For the result involving 50 harmonics, there was one point (refereed to below as the midpoint) between the negative peak and positive peak. This shock wave was assumed to consist of three smooth subintervals : (1) left end to a point just before the midpoint; (2) the point just before the midpoint to a point just after the midpoint; (3) the remainder. Note that the point just before or after the midpoint is not necessarily a sampling point. In the present case, the midpoint is at -0.14 (within the range [−1, 1] ), the sampling point before it is at -0.16 (negative peak) and the sampling point after it (peak positive) is at -0. . This is because an insufficient number of harmonics typically overestimates the width of the shock rise, according to additional simulations. The disadvantage of artificially narrowing the shock rise is that, the extent to which it should be narrowed is often unknown and requires some degree of numerical experimentation to determine. This is especially a problem if Gegenbauer reconstructions need to be implemented automatically or repeatedly . A more straightforward approach is to assume the shock rise is instantaneous (ideally discontinuous). In this case, the shock wave is considered to consist of only two smooth subintervals: (1) left end to the peak positive; (2) the remainder. This introduces some error, particularly for high frequencies. However, it will be shown that for a certain range of harmonics, this approach is accurate, and thus might be more suitable for numerical implementations. λ and m were chosen to be 4 and 8, respectively.
It is further noted that, once the Fourier coefficients of a time-domain signal are known, this signal can be reconstructed by the Fourier sum everywhere on the time-domain. In other words, even though the algorithm started with only 50 harmonics, before the Gegenbauer reconstructions, the number of harmonics can be increased by enlarging the sampling frequency. At this moment, the added harmonic components only have zero value, which is equivalent to increasing the sampling frequency by zero padding. However, after the Gegenbauer reconstructions, these added harmonic components will have non-zero value, because a basis function other than the Fourier function is used, and the function has been refined by explicitly imposing a sharp discontinuity. In this case, 450 harmonics were added to the original 50 harmonics according to the procedure described above. Figure 1 shows four results: shock wave profile predicted by using 50 harmonics without Gegenbauer reconstructions and with Gegenbauer reconstructions (two and three subintervals), shock wave profile predicted by using 250 harmonics at a distance of 15 mm on the axis. All the results are over a full cycle. When only 50 harmonics are used, severe artifacts are observed as expected. Gegenbauer reconstructions eliminated these artifacts and produced a curve that is indistinguishable from the one generated by using as many as 250 harmonics. Figure 1b shows only the shock fronts, and the comparison between Gegenbauer reconstructions with two and three subintervals indicates only a slight difference. Figure 1c and 1d show the corresponding spectral results for different frequency ranges. The result after Gegenbauer reconstructions with three subintervals agrees fairly well with the one carrying 250 harmonics for the first 200 harmonics, they become different once the frequency goes beyond 200 f c . However, it is believed that the Gegenbauer reconstructions are more accurate, as the curve has a high frequency spectral decay that approximately follows a 1/n pattern where n is the number of harmonics [4] , [2] . The result after Gegenbauer reconstructions with two subintervals agrees less well with the one carrying 250 harmonics. However, for the first 80 harmonics, the agreement can be considered satisfactory. It is recalled that the initial signal only carries 50 harmonics, and the Gegenbauer reconstructions have produced an accurate spectrum beyond this range.
IV. CONCLUSION
In conclusion, this paper proposes the use of Gegenbauer reconstructions for shock wave propagation where discontinuity in the time-domain is often observed. Conventional frequency-domain methods are not suitable for shock wave modeling due to the large number of harmonics required. The spectrum of a shock wave decays slowly, and a truncation at a relatively low frequency introduces numerical errors. The present method takes the Fourier spectral projection and projects it onto another basis. In this case, the basis is the Gegenbauer polynomials. By knowing the location of the discontinuity, one can reconstruct a rapidly converging series based on the expansions in Gegenbauer polynomials. Simulations have shown for a three-dimensional problem that the Gegenbauer reconstructions are able to successfully recover the high frequency spectrum of a shock wave.
